For Reference 


NOT TO BE TAKEN FROM THIS ROOM 


as 1IBRIS 
nit asTRUIS 


SSS See 
The University of Albert; 
Printing Department 


3 ; ees ee 
ey 
ae ae 7 Ms 
i i ut hae s 


ale bo 
Seat ees 
Mig 


THE UNIVERSITY OF ALBERTA 


PSYCHOPHYSICAL RELATIONS OF JUDGED 
SIMILARITY AND DIFFERENCE 


by 


Eo) ROBERT PAUL MARKLEY 


A THESIS 
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES 
IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE 
OF DOCTOR OF PHILOSOPHY 


DEPARTMENT OF PSYCHOLOGY 
EDMONTON, ALBERTA 


¢ 
FALL, 1970 


Nee ri va, 


mbna on, cae 


Gag i ok ee 


rechcriien 2 4 204 


. ‘ 


voy ae a ye) Mga vip. pe Hie! ; 
S06 atoltaten 1 Lsoteydgortoyes boiskine aie oe “ 


ra 
er eae ae Eee 


_ dreds yd beds.imays | Moonen ong sataetteth 


adnemox tuper iia tO, Agpata tet, ek 


ise 
Abstract 

This study investigated the relationship between 
combinatorial judgments and a physical measure of objectively 
simple stimuli as effected by the response procedure subjects 
were instructed to use. 

Judgments of the magnitude of similarity and differences 
between pairs of stimuli are frequently used in several 
areas of behavioral science. Systematic studies of the 
differential effect of response procedure on single stimulus 
Magnitude judgments have long occupied psychophysicists. 
This paper extended this concern to judgments of paired 
stimuli. Recently developed nonmetric scaling procedures 
were used in an effort to distinguish between processes 
Operating mneperception of the stimuli (inputs) and overt 
responses or judgments (outputs). 

Three groups of subjects made similarity judgments 
of all possible pairs of nine Munsell neutral greys. Two 
additional groups made difference judgments of the same 
pairs. The response procedures were Magnitude Estimation, 
Category Rating, and Similarity Estimation for the three 
similarity groups. Difference judgments were made using 
Magnitude Estimation and Category Rating procedures. Two 
further groups made Category Rating and Magnitude Estimation 
judgments of either the lightness or darkness of single 


grey stimuli. 
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Nonmetric scaling analyses indicated that the greys 
were perceived to vary on a one dimensional continuum. 
Scale values (location) on the dimension represented a 
power transformation of a physical measure of reflectance. 

The nonmetric analyses also indicated that overt 
judgments of the difference between greys were related by 
a power function to differences on the subjective scale. 
These findings supported a two stage model of magnitude 
judgment first suggested by Attneave (1962) and developed 
by Curtis, Attneave, and Harrington (1968). The model was 

J = a(g,* - gym eel 

where i>j, J is a magnitude judgment, @ a measure of 
reflectance, and a, k, m, and b are parameters estimated 
from the data. 

A model was proposed to relate similarities to 
differences on the subjective continuum. This model was 
S = G - D where S is a subjective similarity, G a constant, 
possibly related to the maximum range of stimulation, and 
Dis a function of 9," - ay. Judgments from two of the 
similarity groups were found to fit the model. The 
Magnitude Estimations of Similarity were not described well. 
Alternative models were examined. These also failed to 
convincingly describe the Magnitude Estimation of Similarity 


results. 
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INTRODUCTION 


Similarity judgments have proved to be a valuable tool 
in studies of perception and cognition. Shepard (1966) has 
described the similarity judgment as a general measure of 
the substitutability or equivalence of stimuli. Such judg- 
ments contain important information about the ways in which 
stimuli are perceived or coded and are (a priori) less sub- 
ject to biases that are introduced when more specific judg- 
mental sets (e.g., loudness or complexity) are used. The 
manner in which stimuli are equivalent can be determined by 
analyses of similarity judgments. The importance of partic- 
ular stimulus attributes or elements is not prejudged by the 
Scientist nor are these attributes allowed to predetermine 
the nature of the analyses (Hake & Rodwan, 1966). 

Analyses of similarity data usually begin by viewing 
the stimulus objects as points in a multidimensional metric 
Space. The magnitudesof the similarity judgments are assumed 
to reflect in some way the magnitudes of the interpoint dis- 
tances in the space. The scaling problem is then to attempt 
to determine the dimensionality of the space, the spatial 
coordinates of the stimuli and a function relating judgments 
(responses) to the interpoint distances. 

One alternative view was proposed by Ekman (1963). He 
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suggested that similarity be interpreted as a scalar product 
of two vectors. Very little has been done with this model 
outside of Sweden. Most investigators have preferred a 
distance model. The distance model has been found to pro- 
vide a more satisfactory account of some of Ekman'ts /earlier 
data “(cf., Shepard, 1962). 

Until recently analytic techniques have required that 
the data consist of either scalar products (Ekman, 1963) or 
ratio scale measures of distance (cf., Torgerson, 1958). 
Obtaining these from rather crude similarity responses was 
usually either not practical or a theoretically suspect 
procedure. The scaling analysis of similarity judgments 
became a feasible technique with the development of various 
nonmetric analyses (cf., Shepard, 1962; Kruskal, 1964; 
Torgerson, 1965; McGee, 1966). These procedures use only 
the rank order of similarity (or dissimilarity) measures. 

Similarity measures between stimuli, in addition to 
their usefulness in attempting to scale stimuli, can also 
be used directly as independent variables or covariates in 
studies of learning and cognitive processes. Runquist 
(1966) discusses this tactic. Melton and Safier (1951) 
provide a set of adjective pairs, scaled for similarity, 


for use in paired associate learning tasks. 
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Scale Invariance 

There are as many ways to obtain similarity judgments 
as there are psychophysical scaling procedures. If simi- 
larity judgments are to be used as a eens of interpoint 
distance then different procedures that lead to different 
scales would generate empirical and theoretical paradoxes. 
The same problem could arise, during the more common task 
of using similarity judgments to scale stimuli by locating 
them ina multidimensional space, if different scales of 
Similarity produced different configurations. 

Scaling literature abounds with conflicts over the 
lack of invariance between scaling methods. Galanter 
(1962) and the two Annual Review Lee by Ekman and 
Sjoberg (1965) and Zinnes (1968) amply chronicle this is- 
sue. The problem, in essence, is that magnitude estima- 
tion and its related procedures will, in the great majority 
of experiments, produce a judgmental function that is not 
linearly related to the function produced by the various 
categorical procedures. However, there are certain quali- 
tative "metathetic" continua (e.g., pitch, angle of in- 
clination, and proportionality) for which it is claimed 
that the different procedures produce invariant judgmental 


functions (Stevens & Galanter, 1957). But, there are 
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doubts about the existence of a metathetic-prothetic dis- 
tinction (see Warren & Warren, 1963). 

There are at least two studies that suggest that per- 
ceived similarity may have properties of metathetic con- 
tinua. Ekman and Waern (1959) reported thatea.formyof 
category rating and ratio estimation judgments of the 
Similarity of pairs of circles were linearly related. 
They concluded from this that the category judgments of 
Similarity formed a ratio scale. Markley, Ayers, and 
Rule (1969), using independent groups, reported that 
Similarity Estimations (0-100 similarity judgments) were 
linearly related eewieataouieuae Estimations of Similarity. 
The stimuli were lines differing in length. A one dimen- 
sional nonmetric scaling solution for the data was loga- 
rithmically related to physical length. 

Of course ,tfE only ithe newer nonmetricuprecedures 
were to be used, then concern over invariance of similarity 
judgments is unimportant so long as the various measures 
were monotonic to one another. 

Similarities in One Dimension 

There has also been some recent interest in use of 

similarity judgments to develop unidimensional psycho- 


logical scales. A few years ago Ekman and associates at 
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the University of Stockholm (Ekman & Waern, 1959; Eisler & 
Ekman, 1959) studied similarity judgments of physical stimuli 
that were varied in only one dimension--pitch, circle size, 
heaviness, and darkness of greys. Ekman, Goude, and Waern 
(1961) reported that a sanvaerey judgment (S35) £LOLrYEwO 
stimuli could be predicted from ratio estimation (Rj) scale 
values by the function Sij = 2Ri/(Ri + Rj) when i<j. At 

the time, it was thougntthat ratio estimation scale values 
were context free. 

An important point, apparently missed by Ekman and 
co-workers, was made by non-psychologists Carmichael, Julius, 
and Martin (1965). These authors pointed out that simi- 
larities of stimuli varying in one dimension should be 
relative to the maximum difference (context) expected by 
the S. Torgerson (1965) reported empirical findings sup- 
porting this notion for a class of multidimensional stimuli. 
Similarities and Differences 

The similarity of two stimuli is often thought of as 
an indirect indicator of the distance between stimuli in 
a psychological space. Several authors have used the terms 
difference, distance, and similarity interchangeably as 
measures of psychological proximity with no regard for 


possible biases in outcomes due to Ss! differing 
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interpretations of the terms. For example, Attneave (1950) 


"on a basis of overall simi- 


instructed his Ss to respond 
larity" yet used rating scales with extreme categories 
labelled "identical" and "extremely different" (p. 523). 
Other researchers have used physical distance measures 
obtained by asking Ss to place a color chip on a grid in 
such a way that grid distance was matched to subjective 
difference or similarity (Helm, 1964; Indow & Uchizono, 
1960; Indow & Kanazawa, 1960). Once again, if only ordinal 
information is required there is no problem as long as 
there is a monotonic relation between the various mea- 
sures. But if a higher scale type is required then con- 
cern over the exact set imparted to Ss by the scaling 
instructions is warranted. 

A magnitude estimation of difference judgment has 
been used with grey stimuli by Torgerson (1961) to study 
Sst use of numerals as a response procedure. Difference 
judgments have more recently been used by Curtis, Attneave, 
and Harrington (1968) and by Fagot and Stewart (1969) to 
test sequential models of magnitude judgment. As far as 
is known the empirical comparison between similarity and 
difference judgments suggested here is original. At 


the theoretical level, one author (Landahl, 1945) has 
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suggested that difference judgments and similarity judgments 
represent different psychological processes. lLandahl has 
described two types of theoretical neural net mechanisms 
capable of mediating each. 
Response Factors 

In addition to the problems of scaling procedure out- 
lined above, the present study provides an opening to one 
of the major substantive problems of contemporary psycho- 
physics. A shortcoming of recent psychophysical scaling 
theory has been the absence of models of magnitude judgment 
that incorporate separable response and sensory parameters. 
Stevens! (1957) power function has had no real challenger, 
although a significant portion of recent research has been 
devoted to the demonstration of the effect of nonstimulus 
variables on the power law's exponent (a recent comprehen- 
Sive survey was done by Poulton, 1968). 

The problem of response variables was pointed out as 
far back as 1956 by Garner, Hake and Eriksen (1956). Little 
has been done to integrate response biases into theory. 
Rule and co-workers (Rule, 1966, 1968, 1960; Markley, 1965; 
Rule & Markley, 1970) have used correlational procedures 
to demonstrate the existence of response biases and to 


assess their effect on Ss' judgments. However, demonstration 
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that an effect exists does not necessarily fit it into a 
theoretical description of the behaviors in question. 

The present research was originally designed to utilize 
the properties of Kruskal's nonmetric scaling analysis 
which produces a spatial soueueneion of stimulus points 
and the relationship between Ss! responses and interpoint 
distances to separately provide a description of effects 
due to sensory and response systems underlying the simi- 
larity and difference judgments. Subsequent to the col- 
lection of the present data Curtis, Attneave, and Harring- 
ton (1968) reported a test of a two-stage model of magni- 
tude judgment originally proposed by Attneave (1962). 

Two Stage Model 

The development of the two stage model (Attneave, 
1962; Curtis, Attneave, & Harrington, 1968) rests on two 
assumptions: (1) that the power law was valid for 
psychological magnitudes (J): i.e., 

Fp hsoans ihe (1) 
where @i is the physical stimulus magnitude; (2) that a 
numerical judgment (J) was a power function of psycho- 
logical magnitude; i.e., 

Tyetag iM (2) 


Then, the usual magnitude estimation scaling operation 
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would produce a function 

Tare toe (3) 
where k and m are input and output parameters, respectively. 
Data from the usual magnitude estimation procedures do not 
provide separate estimates of k and m, and results are 
Simply described by 

Ji = afin, (4) 
where n = km. 

Curtis et al. (1968) suggested that if Ss were re- 
quired to make magnitude judgments of the difference be- 
tween unidimensional stimuli, then the input and output 
operations should produce data described by the equation 

HpAes alGgSarasshy™ 2 (ing) (5) 
An additive constant is often included to correct for 
small curvatures at the extreme values of psychophysical 
data. Inclusion of the constant yields 

345 = a(9i* - gk)™ 4b, (i>9). (6) 
Thus, if Sg make magnitude judgments of single stimuli and 
judgments of the differences between stimuli, it should be 
possible to obtain separate estimates of n (Eq. 4) and m 
and k (Eq. 6). Support for the model is obtained if Equa- 
tions 4 and 6 do adequately describe the data and n=km. 


This was the finding of Curtis et al. (1968) for magnitude 
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judgments of weights. Their functions based on group data 
were 

Fiat ord 2 beg edewtinugsos 
and 

Sifts 29282 (g, +645 Bowe as) kth ieee 71. 
THe’ vaiue-of-m XYVk-(T645°x"Lsl4ly was**736 which is-quite 
close to the independently obtained value of n, .746. This 
finding was confirmed by separate analyses of each of the 
ten Ss inthe Curtis et al. (1968) study. “Curtis also re-~ 
ports confirmation of the model for summation judgments 
(Curtis & Fox, 1969), and extended the findings to category 
ratings of differences (Curtis, 1970). 

The two stage model suggests that a change in response 
procedure should manifest itself in a change of the value 
of m, the output exponent. The input exponent k should re- 
main constant. The present study should provide further 
information about this model's ability to describe the 
judgment process when response procedures are changed and 
when there is a change in the relationship judged (i.e., 
difference vs. similarity). 

The present study attempted to provide further infor- 
mation about the judgment of similarity. To do this the 


interrelationships of familiar psychophysical scaling 
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al: 
procedures used in obtaining measures of judged similarity 
were investigated. The effects of response procedure on 
judgments of the difference between stimuli and the aoe 
lationship between judged differences and judged similari- 
ties were also observed. Since the purposes of the study 
were primarily to look at effects of response procedure on 
a complex judgment, relatively simple stimuli that varied 
on one physical dimension were chosen. Individual dif- 
ferences in cognitive or perceptual processing of the 
stimuli should be minimized with stimuli of this type. It 
is well known that individual Ss display different rules 
for combining information from several dimensions (e.g., 


Cliff, 1968, and Shepard, 1964). 
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METHOD 

Stimuli. The stimuli were nine Munsell grey papers: 
NiSic toy tte One Dh6 Oey joc Gin NiO, a NS Oe ING NO Oman OSs 
These were chosen so that reflectance would vary in 
approximately equal steps. Actual reflectance was measured 
by a Gamma Scientific Inc. Model 700 log-linear photometer. 
The photometer was calibrated against the Gamma No. 220 
Standard Lamp Source and Gamma No. 700-15 Standard of 
Reflectance (92%). The measured reflectance values averaged 
Over several days and lighting conditions were 9.5, 20, 
30.5, 43, 51, 58, 69, 80, and 87 percent. The median 
deviation from reflectance values supplied by the Munsell 
Corp. was 1.6%. All deviations are within the limits of 
error of the Model 700 photometer. 

The stimuli were 4.8 cm square patches cut from the 
grey papers and mounted either singly or in paris on 25.4 
cm square white poster paper (average reflectance = 98%). 
There were nine single stimulus cards and 36 cards with 
paired stimuli. 

Subjects. All Ss were paid volunteer students at The 
University of Alberta 1967 Summer Session. Each S parti- 
cipated in a single experimental session lasting up to 
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13 
45 minutes. 

Procedure. All experimental sessions were held in a 
research room at the University of Alberta. The room was 
bisected by a black screen (reflectance = 06%). There was 
a 76.2 x 78.7 cm opening located at table height in the 
screen. The stimulus cards were presented on a small black 
tilted (35°) podium placed in the center of the opening. 
Black (05%) curtains hung behind the stimulus tray pre- 
vented Ss from seeing the experimenter and the back half 
of the room. Illuminance incident to the stimuli was 
approximately 645 lux. The Ss were seated at a 53 x 61 cm 
table. The front edge of the table was 76 cm from the 
base of the stimulus tray. The Ss recorded their responses 
on data sheets placed on the table. 

In all conditions the E stood behind the screen and 
presented stimuli by placing a stack of stimulus cards 
(a blank card showing) on the podium. When a S was 
ready, the blank was removed, revealing the first stimulus 
to be judged. 

Conditions. Ss were randomly assigned to one of 
seven scaling tasks: (1) Similarity Estimation, (2) 
Magnitude Estimation of Similarity, (3) Magnitude Estima- 


tion of Differences, (4) Category Rating of Similarity 
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14 
(5) Category Rating of Differences, (6) Lightness Scaling, 
and (7) Darkness Scaling. 

The Similarity Estimation group judged the similarity 
of pairs of greys on a scale ranging from zero (no simi- 
larity) to 100 (identical). The 36 pairs were presented 
twice to each S in a pseudo-random order. Several orders 
were used, and potential spatial errors were counter- 
balanced. 

The Magnitude Estimation of Similarity group judged 
the similarity of pairs using the method of magnitude 
iA iG A stimulus pair (N7.0-N8.5) was designated 
as a standard, and its similarity was assigned the value 
10. The standard pair was presented and identified by E 
once at the beginning and once half way through a session. 
The Ss judged each pair twice. The instructions were 
typical of magnitude estimation tasks. 

The Magnitude Estimation of Difference Ss were in- 
structed to judge the difference between the stimuli using 
the magnitude estimation technique. The standard pair and 
procedure were the same as they were in the previous 
Magnitude Estimation group except that the Ss were instructed 
to attend to the differences between the stimuli. Attributes 


contributing to stimulus differences were not specified. 
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The two category ratings groups rated either the 
Similarity or differences of the paired greys on a seven 
point category scale. Two standard pairs were shown at 
the beginning and at the midway point of the session. 
Pair N3.5-N9.5 was an example of a highly different 
(least similar) pair, and N7.0O-N7.5 served as an example 
of a pair that was least different (highly similar). 

Subjects in the two groups which received only 
Single stimuli made both category ratings and magnitude 
estimations of either the lightness or darkness of 
Single grey patches. For magnitude estimation a stand- 
ard grey (N7.5) was assigned a modulus of 10. N9.5 
(Very Light or Not At All Dark) and N3.5 (Very Dark 
or Not At All Light) were standards for the category 
ratings. Each § judged each stimulus four times with 
each response procedure. 

Although no S who was asked to judge lightness was 
asked to judge darkness (and vice versa), several Ss 
reversed themselves at times during the session. Data 
from the oscillating Ss were not included in subsequent 
analyses. The discarded data, however, were consistent 
with data collected under the opposite instructional set. 


Twelve Ss were originally included in each group. 
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One S was excluded from each of the Category Rating groups 
due to failure to follow instructions concerning the marking 
of their response sheets. In the two single stimulus 
scaling conditions, Ss tended to spontaneously reverse 

their scales of judgments. In each of these groups only 


seven Ss were able to successfully complete both tasks. 
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RESULTS 

Responses were averaged across Ss and trials for each 
pair of stimuli by taking geometric means in the Magnitude 
Estimation conditions, medians in the Category Rating con- 
ditions, and arithmetic means eke the Similarity Estimations. 
When scoring category responses, the seven steps of the 
scale were assigned the integers one through seven with 
the least light (least dark, least different, or least 
Similar) end of the scale scored as one. A summary of the 
data from each of the conditions is given in Appendices I 
and II. 
Curve Fitting Procedures 

All functions were fitted to a least squares aqriterion. 
A computer program computed parameter estimates Ayr Ayr cae 


A. by minimizing the expression 
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where Ws represents a weight applied to the ith observation, 
Y is the ith value of the dependent measure, Xi is the 

Parevaliucrow Cire jth independent measure, and f denotes the 
theoretical function. When magnitude estimations were used 


as the dependent variable the weights, Woy were set equal 
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18 
to 1/y2. This weighting takes into account the decreased 
reliability of large magnitude estimation responses. For 
other variables the weights were set at 1.0. 

Lightness and Darkness Scaling 

Results from the two unidimensional scaling conditions, 
lightness judgments and darkness judgments, are summarized 
in Appendix II. The psychophysical relations for lightness 
are illustrated in Figures 1 and 2. The least squares power 
function for the magnitude estimation of lightness data 
yielded an exponent of 1.736, slightly higher than exponents 
reported by Stevens and Galanter (1957), and Mashhour and 
Hosman (1968), but less than that calculated by Curtis 
(1968) for the data of Torgerson (1960). The category 
lightness results of Figure 1 could also be described as 
a power function of reflectance. The exponent was .64. 

Figure 3 shows the relation between magnitude estima- 
tions and category ratings as a power function. The con- 
stant, .636, was taken from the equation in Figure 1. This 
was consistent with the results shown in Figures 1 and 2. 

Figures 4 and 5 suggest that for the category methods 
lightness is the reverse of darkness, while for the magni- 
tude estimation technique, lightness is the reciprocal of 


darkness. The results replicate those of Torgerson (1960). 
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Figure l. 
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Je = 7.91 9°644 _ 36 
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REFLECTANCE (6) 


Category ratings of lightness as a 
function of reflectance. 
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Figure 2. 
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REFLECTANCE (6) 


Magnitude estimation of lightness as a 
function of reflectance, ; 
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MAGNITUDE ESTIMATES OF LIGHTNESS 


Figure 3. 
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CATEGORY RATING OF LIGHTNESS 
(Je + .636) 


Magnitude estimates of lightness vlotted as a 
funetion of category ratings of lightness. 
The constant, .636, added to each category 
rating was obtained from the least squares 
solution shown on Figure l. 
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Fissure 4, Category ratings of darkness as a function 
of category ratings of lightness. The 
straight line was fitted by eye . 


DARKNESS 


Figure 5, 


2 5 Ke) 20 50 100 
LIGHTNESS 


Magnitude estimations of darkness as 4 
function of magnitude estim=tes of lightness - 
in log-los coordinates. The straight line was 
PICCed by eye. 
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Multidimensional Analyses 

A nonmetric multidimensional scaling procedure 
(Kruskal, 1964) was applied to the five sets of difference 
and similarity judgments. The scaling procedure produces 
a monotonic function relating response measures to a dis- 
tance in a conceptual space as well as a configuration of 
stimulus points in the space. The relation between the 
configuration and known physical variables provides a 
description of the perceptual or sensory transformation 
of the stimuli (a psychophysical function). The functional 
relationships between interpoint distances in the con- 
figuration and the several response measures should be 
indicative of the biasing effects of the various response 
procedures. 

Several configurations (or solutions) were originally 
obtained for each data set. Different initial configura- 
tions and distance metrics were used and the best (least 
stressful) solution for a given number of Gimensions was 
retained. All results reported here used a Euclidian 
distance metric. The computer program iterated each con- 
figuration until either a goodness of fit measure, stress, 
fell below .005 or a minimum stress was reached (i.e., the 


program could find no way to change the configuration so 
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25 
as to reduce stress). The program was allowed up to 100 
iterations to find a satisfactory solution. The primary 
approach to tied judgments (Kruskal, 1964) was used 
throughout. The stress statistic (S*) is a measure of 
the absence of a monotonic relationship between the 
response measures and the configurational distances. The 
stress criterion of .005 (an arbitrary "satisfactory 
good fit") was deliberately chosen to be a smaller than 
previously published satisfactory stress values, usually 
-05, (Kruskal, 1964) in order to allow the program full 
opportunity to find a minimum stress solution. 

One dimensional solutions produced stress values 
well within the satisfactory levels defined by Kruskal 
(1964). These are shown in Table 1. The scale values 
reported in Table 1 were highly correlated with each 
other and clearly ordered the stimuli on the physical 
dimension of reflectance. The relationship between 
scale values and reflectance (shown in Figure 6) was 
nonlinear. The largest deviations from linearity 
occurred at the low reflectance end of each dimension. 

It has been previously reported that scale values 
obtained from a nonmetric scaling of line length were 


logarithmically related to physical length (Markley, 
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TABLE 1 
NONMETRIC SCALING ONE DIMENSIONAL SOLUTIONS (SCALE VALUES) 


FROM JUDGMENTS OF PAIRS OF GREY STIMULI 
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Figure 6. 


REFLECTANCE (6) 


Nonmetric scale values as a function of 
reflectance. Filled squares are scale values 
from magnitude estimates of difference. Filled 
circles are scale values from category ratings 
of difference. Triangles are scale values 
derived from similarity estimations. Open 
circles are derived from similarity ratings. 
Open squares are scale values from magnitude 
estimations of similarity. The solid line 
function is based upon all five sets of scale 
values. 
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Ayers, & Rule, 1969). Logarithmic functions relating scale 
values to physical reflectance did not provide a satisfactory 
description of the present data. The best log function was 

V = 1.42 log.G fore’ 15 bez) 
where V is the scale value, and Y is reflectance of the 
greys. Within limits of rounding error, the curve fitting 
program arrived at Equation 7 for all five sets of scale 
values. Between 92 and 97 percent of the variance of the 
dependent measure was accounted for by this function. 

Power functions with fractional exponents were found 
to provide a better description (accounting in each case 
for more than 99 per cent of the variance of the scale 
values) of fe relationships between the scale values and 
reflectance. The parameters of the power functions are 
shown in Table 2. Equation 8 is the result of fitting a 
single function to all of the 45 Scale Values in Table 1 

Vi = 4.525 g°639 - 2.794. (8) 

Figures 7 and 8 show the category and magnitude esti- 
mation of lightness and darkness plotted as a function of 
the scale values from the nonmetric scaling analyses. The 
abscissa values were obtained by averaging the scale values 
from Table 1,then adding the constant 2.794 from Equation 8. 


Figure 7 indicates that unidimensional category responses 
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TABLE 2 
PARAMETERS OF FUNCTIONS RELATING SCALE VALUES FROM 
NONMETRIC ONE DIMENSIONAL SOLUTIONS 
TO REFLECTANCE 
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Magnitude Est. : 
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Magnitude Est. 
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Je= 1.72 (Ve 2.794)"02_ 628 


CATEGORY RATING OF LIGHTNESS (J,) 


AVERAGE SCALE VALUE (V) 


Ficure 7. Catezory ratings of ifahtness es a function 
of the everage nonmetric scale value of each 
grey stimulus. The constant, 2.794, added to 
each scale value is taken from the function 
shown in Figure 6. 
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Figure 8. Magnitude estimation of lightness as a function 
of average nonmetric scale value. The constant 
added to each scale value is taken from Figure 
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32 
can be described as a power transformation of the non- 
metric scale values with an exponent of 1.02. Figure 8 
shows that the magnitude estimation of lightness data are 
also a power function of the nonmetric scale values. The 
exponent was 2.86. 

The finding that the nonmetric scale values are a 
power function of ee eee provides some support for 
the two stage model of magnitude judgment. The functions 
were of the form 

Vi = ay - bz | (9) 
The common observation that judgments are a power function 
of reflectance was replicated in the present study, 

J = a9 + bo. (10) 
Rearrange Equation 9 then substitute into Equation 10 and 


mM and 


teem = n7k and. az '=-aa | 
J = ag(Vy + b)™ + bo (11) 

as was observed in Figures 7 and 8. 

Empirical estimates of Equations 9, 10, are found on Figures 

1, 2, and 6. That the input transformation described by 

Equations 8 and 9 was a power function is consistent with 

the requirements of the two stage model. 


Difference Functions 


Figures 9 and 10 show the judged differences plotted 
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CATEGORY RATING OF DIFFERENCE (Jp) 


Figure 9, 


Jp = 2.28 p®".. 47 


| 2 3 


DISTANCE (D) 


Category ratings of difference as a function of 
interstimulus distance (D) in the one dimensional 
space derived from nonmetric scaling analysis, 
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MAGNITUDE ESTIMATES OF DIFFERENCE (Jp) 


Figure 10. 
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DISTANCE (D) 


Magnitude estimations of difference as a function 
of interpoint distance (D) obtained from nonmetric 
scaling analysis, 
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35 
against interpoint distance on the dimensions from the non- 
metric analyses. 

The output transformation in the two stage model is a 
power function. Therefore if the model is appropriate, 
difference judgments should be a power function of inter- 
point distance from the nonmetric analyses and the two stage 


model of Equation 6 should fit the data. To recapitulate: 


Vasa 0p, (OR) + 

Dij = Vi - V5 = a(ik - Bak), (12) 

Fgd"ay Des4 Wy, (13) 
and 

Tq = aq (94k - 95K)™ + bi, (6R) 


where a9 = ay, a™. 


The Category Rating of Difference data from the present 

study were described quite adequately by a power function 

Fg =°2928 iF? +°.547, 422.983, (14) 
where Djj refers to interpoint distance -between stimuli i 
and j, and r2 indicates proportion of dependent variable 
variance accounted for by the function. For the range of 
distance involved Equation 14 is virtually indistinguish- 
able from a linear function. The exponent is close to 1.0. 


For the Magnitude Estimation of Difference data a 


1. When numbering equations, R is used whenever an 
equation is repeated. 
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36 
power function 
Jgar 1gs4(Dya)t229 - .63, r2 = «984, (15) 
was found to give a satisfactory fit. 
The results in Table 2 and Equations 14 and 15 provide 
estimates,of the, parameters:a;, aqz,.k,.b,and.m.of Equation 6. 
These estimates for the magnitude estimation and category 


rating of difference data were 


Sma = 94-9(95°43 - g5-43)7°*9 4 1633, 
and 


9usSoWideseles Panetien oF e@84ze 


Jod 
Least squares solutions for Equation 6, obtained directly 
from the data, were for the magnitude estimations of dif- 
ference 

Tmq = 97-09 (94°44 - G,-44)1-24 4+ .847 (16) 
and for the category ratings of difference 

Tag =e9-51 (04247. -:f5-49)-905. 4 .656. (17) 
Equations 16 and 17 accounted for 97 and 99 percent of the 
original dependent variable variance. 

The input and output exponents of Equations 16 and 17 
fail to adequately predict the lightness exponents of 
Figures 1 and 2. Multiplying .44 by 1.24 yields .55, which 
ts nhotethervalue,«l-to..foundsansragure.22.;Similarly, .49 


x .905 = .445; whereas n of Figure 1 was .64. 
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Similarity Functions 

There are many possible models that could be developed 
to relate psychological similarities to distances and to 
judgments of these quantities. One model felt to best 
describe the present data will be presented here. Other 
possible models are described iater. 

One of the simplest ways to conceive of the relation- 
ship between the subjective similarities (Sij) and sub- 
jective differences (Di5) between stimuli is the notion 
that similarity is a complementary function of difference: 

Sees Dag. (18) 
The constant G may be considered, at present, an arbitrary 
fitting constant. The implications of this constant are 
developed later. Assume that the output operations for 
Similarities are like those employed in judgments of 
differences, that is, 

T8i4 =a Si3™ + b. (19) 
Substituting Equation 18 into Equation 19 yields 

Use ema Gus Di4)™ +b, (20) 
as the model relating judged similarities to interpoint 
distances. 

Translation of Equation 20 into a model relating 


judgments to physical reflectances begins by replacing 
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Dis with the right side of Equation 12: 


J, = alG - a(f,* - g.*)1™ + b. 
81 8 al ij 
1) 
Moving a outside the brackets yields 
m ,G k k gant 
J = tae i= — (0a -- Oo ae + Ube 
Si o a J 
Lf GG) = - and a' = aa” then 
J. = allc? - (9,97 g.*)1™ + b, (21) 
ij r J 


relates judged similarities to reflectance value. 
Least square solutions for the model of Fquation 20 


with the three sets of similarity data yielded 


: nd 1.06 
Jog =/1-99(3.09 - D,.) + .942 (22) 


for the category rating of similarity data, 


g.. #'9,23 "3.948 - nt.) 188°° 


ae is + 2.05 (23) 


for the similarity estimation, and for the magnitude estima- 


tions of similarity 


o i £132 
Img = 1088 (3.8 - Dy 5) 


These functions are shown in Figures ll, 12 and 13. 


+ 3.47. (24) 


Equations 22 and 23 had r? values of .98 or greater. The 
magnitude estimation of similarity data could not be fit 
well. Residual variance for Equation 24 was 7 per cent of 
the original variance of the dependent measure. 

A least squares fit of Equation 21 to the similarities 


data yielded 
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CATEGORY RATING OF SIMILARITY 


Figure ll. 
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FUNCTION 1[.99 (3.09 - DISTANCE) !S 942 


Catesory rating of similarity as a function 
of interpoint distance. Distance values 
are derived from nonmetric scaling analgsis. 
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SIMILARITY ESTIMATIONS 
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Figure le. 


Similarity estimations as a function of 
interstimulus distance. 
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MAGNITUDE ESTIMATES OF SIMILARITY 
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FUNCTION .088(38- DISTANCE)*** + 3.48 


Ficure 13. Magnitude estimations of similarity as 
a function of intervoint distance. 
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Jog = 8-92 [.721 - (94 °857 - eee od emis crate) aS) 

Tiga '= TLO.8 [oad i ge Gigli k= 95°] 1.896 - 2.526, (26) 
and 

hada 24.35 [1.0 - @i-797 - B. -797)\ 3.88 + 2.759, (27) 


for the category rating of similarity, similarity estimation 
and magnitude estimation of similarity data sets. Once 
again the category rating and similarity estimation data 
were fit very well (r?2 > .98) while the magnitude estima- 
tion function was not as satisfactory (r2 = .89). 

Several questions were raised about the interrelation- 
ships of the various response procedures at the beginning 
of the study. Very briefly, magnitude estimates were not 
linear with category ratings. Category ratings of simi- 
larity appeared to be complementary to category ratings of 
difference. Also magnitude estimates of similarity ap- 
peared to be reciprocally related to magnitude estimates 
of difference. However consideration of the equations of 
the two stage model indicates that such a view may be too 
simple. Figures and equations relating the various 


response procedures are found in Appendix III. 
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DISCUSSION 


Previous authors have discussed possible multistage 
processes to account for the commonly found inter-relations 
between scaling judgments and response procedures. Treisman 
(1964), for example, has shown that a two step judgment 
process involving a log input stage and an exponential out- 
put stage would account for many of the empirical findings 
from Stevens! Power Law. 

The question is whether a coherent multistage model 
can be constructed that will clearly account for the types 
of relationships found in the present study. 

The first requirement for a model is an input opera- 
tion, that is, a psychophysical function relating Ss! sense 
impressions to physical measures. There are two possibili- 
ties in the literature: (1) Fechner's log law and (2) the 
notion that a subjective magnitude is a power function of 
physical magnitude. Evidence separating the two ideas 
should be gained from observing the relationship between 
the scale values from nonmetric scaling and the physical 
measure, reflectance. The present data support a power 
function; whereas Markley, Ayers, and Rule (1969) found 
evidence for the log function. 
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Additional assumptions are needed to convert a subjec- 
tive magnitude into a judgmental response. The differences 
between various response procedures suggest a system wherein 
instructions serve either to alter parameter values of a 
Single output function or change altogether the nature of 
the function. 

There is some support in the literature for a multiple 
function system. It has frequently been reported that 
category ratings and magnitude estimations are logarithmi- 
eally related to one another. (Although, the relationship 
usually shows less curvature than a log function.) Thus, 

a model such as that proposed by Treisman which has a log 
input function requires a linear output to account for 
category ratings and an exponential output to deal with 
magnitude estimations. 

Attneave (1962) suggested that power functions serve 
both for input and output operations. Curtis, Attneave, 
and Harrington (1968) developed this notion quantitatively 
into a two stage model describing magnitude estimation 
judgments of weights and of differences in weights. Later 
evidence (Curtis, 1968; 1970) extended this model to 
category rating judgments and to other modalities. In 


this model the differences usually observed between 
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45 
magnitude estimations and category ratings represent only 
a change in the value of the output function's exponent 
and not a qualitative change in function type. 

A Model 

A model similar to that of nitneate and co-workers is 
outlined in the equations presented below and can summarize 
most of the results obtained in the present study. Table 3 
presents the basic equations and parameter estimates 
obtained from the data collected in this study. 

For a unidimensional stimulus Bs, its subjective 
magnitude (lightness), Vir is a power function of physical 
magnitude. 

Vic a4, - b. (9R) 
Empirical estimates of the values of the parameters of 
Equation 9 are found in Table 2. A combined estimate of 
k was .64. The category ratings of apparent magnitude 
(lightness judgments) and magnitude estimations represent 
a power transformation of V.- That is, in general, 


J = ag (V, Ae Oh De a! 2) (11R) 


pias 
Estimates of m were 1.02 and 2.86 respectively for the 
category ratings and magnitude estimations of lightness. 


The relationship between judgments (J) and physical 


magnitude (%) is also a power function. Combining 
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Equation 9 and Equation 11 yields 


J; = ao apo + bo, 


at 
let 
Fe m 2 
a3 = agal", and n = km 
then 
n 
Ji = a3f + bo. (10R) 


The values of n observed for the present data were .64 and 
1.73 respectively for category ratings and magnitude estima- 
tions of lightness. Agreement between ff values predicted 
from k and m and observed n values was excellent. 

Two variables that are both power functions of a third 
variable are also related to each other by a power function. 
Magnitude estimations and category ratings should be related 
to one another by a power function with an exponent of 
1.71/.64 = 2.68. The least squares estimate of this ex- 
ponent, shown in Figure 3, was 2.92. Over the range of 
values shown the difference between functions with expon- 
efits Or 2.68 and 2.92 18 trivial. 

Differences. The application of these ideas to the 
difference data was detailed previously. To reiterate 
briefly: 

A subjective difference, Dj4, is equal to the difference 


between the subjective magnitudes (Vj) of the stimuli. 
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DPF Savy nstvygena (gyka-fpsky: (12R) 
Judgments of differences are then 

Jqg = ajD" +b, (13R) 
replace aj, by a and then 

TF oe= a (g.* = ges) a G54 (6R) 
For magnitude estimations of difference the output operation 
was found to be a power function with an exponent of approxi- 
mately 1.2. The estimates of output exponents for category 
ratings of differences were .87 from nonmetric analysis and 
-90 from least squares estimates of Equation 6. 

The values of the input exponents for all the difference 
data were consistent with those obtained by nonmetric analyses 
in Table 2 and prior research (Curtis, 1968). The value of 
the output exponents (m) for magnitude estimates of differ- 
ence in the present study were greater than 1.00 which was 
consistent with values found for other continua by Curtis 
et al: 71(1.968),. \SHowever, Sthe-valuestdi ft fered’ fromatheyeon-— 
putation of m for the magnitude estimations of lightness 
data (Figure 8). also, the expectation that k x m from the 
difference data would give the value of the exponent n com- 
puted for the lightness scales was not fulfilled. Curtis 


(1968) has reported the same inconsistency for Torgerson's 


(1960) data from judgments of the differences of greys. 
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The contradiction has not been found for other continua, 
e.g-, brightness, heaviness and circle size. The input 
exponents (.43 through .49) reported here for differences 
do compare well with the input values (.41 and .37) calcu- 
lated by Curtis (1968) for the Torgerson data. The failure 
to predict the lightness exponent could be a function of 
problems in determining the lightness exponent itself or 
in the value of the output exponent. Published estimates 
of lightness exponents vary from 2.36 (Torgerson 1960) to 
-45 Mashhour&:Hosman 1968). There is no consensus about 
one exponent for human lightness judgments. Also, Curtis 
(1968) has reported that while estimates of the input 
exponent (k) are fairly stable the output exponent (m) 
appears to be highly variable and effected by a variety of 
situations and conditions,only some of which are under 
experimental control. 

Similarities. The similarity model used in analyses 
of the present data was contained in Equation 18, 


Sack 


ig =G- Dij- (18R) 


It was then assumed that overt judgments of similarity are 


a power function of Sij- 
Tee= adbyet+ab? (19R) 


and 
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50 
Js = a(G- Di3)" + b. (20R) 
Substituting physical measures for Dij and rearranging 
coefficients leads to Equation 21. 
Jg = at(e! - (p4*% - 85%) Mopeb. (21R) 

Within the three sets of similarity data, the com- 
puted values of k, the input exponent, were consistent 
with one another and with the wlues obtained from the 
nonmetric analyses of Table 2. The input exponents from 
the similarity data were somewhat higher than those com- 
puted for the difference data. The values of the output 
exponents, with the exception of that from the magnitude 
estimation of similarity, were consistent with the results 
of Curtis and the values expected of the model. 

The output exponents computed for the Magnitude 
Estimation of Similarity data were much higher than ex- 
pected. The data are perhaps too unstable to permit 
really good fits to be found for various functions. None 
of several different functions that were computed relating 
the magnitude estimation of similarity data to any of 
several possible independent variables was able to account 
for more than 93 percent of the unweighted dependent 
variable variance. For all other judgmental tasks (e.g., 


category rating of differences), r2 values were routinely 
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around .98 percent or greater. 
Other Models 

With respect to the similarities data, there are 
several other models that could be developed. Several 
of these will be described below and related to parts of 
the present data. 

Exponential Output Model. Three assumptions are 
made:(1) There is only one subjective relationship be- 
tween stimuli and the same process is involved in per- 
ceived similarity and perceived difference. (2) The 
response processes operating in similarity judgments 
are not related to those operating upon impressions of 
Single stimuli and differences between stimuli. (3) 
Similarity judgments are exponential transformations of 
distance. 

The latter assumption found empirical support in 
the paper by Markley, Ayers, and Rule (1969). Their 
data was described by a function 

Jsa5 = ae PDij (28) 


where Djj was a Kruskal distance between the ith and jth 


1j 
larity estimation response. Least squares solutions for 


stimuli, a and b were fitted constants and Jo - was *simi- 


Equation 28 applied to the present data resulted in 
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Jos,, = 8-06 e7-47Di4j, r2 = .974, (29) 

Jgp,, = 115.0 e63Dij, r2 = .980, (30) 
and 

Jug i, = 31-8 arwOPist drerencoie, (31) 


for category rating of similarity, similarity estimation, 
and magnitude estimates of similarity, respectively. 
If differences are related to @ by Equation 12, 
Dij = aj (i* - G4k), (12R) 


then combining equations 28 and 12 gives 


= i as hak 
a epaer ela ave) (32) 
i3 
with B = ajb. Least squares solutions of Equation 32 for 
the present Similarities data yielded: 


a OND e =. g7.-819 
Tenner seOoeeuer ihe CAs Di" Coie) iyiss peer Oriple( 3 3 } 


edlapshier ced Cine aye 24-772) 2 = 208. (34) 


USE 
Tipe AST ese TOT 95° 1)? 2. r23e4.69, (9685) 
Again, the magnitude estimates of similarity were not fitted 
in a completely satisfactory manner. 

With the present data this exponential output model is 
not distinguishable from the two stage model presented 
earlier. Conceptually, the exponential model is not as 
parsimonious as the two stage model as it requires special 


processes to deal specifically with similarity judgments. 


No exponential output function could be found to adequately 
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describe the difference data. 
Reciprocal Model. Another possible way to relate 
Similarities to differences (or distance) Sept Ome ew 


Similarity as the reciprocal of distance 


Guy ew es (36) 

1j Dis 
If the response processes suggested by the two stage model 
analyses of the difference data operate also on similari- 


ties, then 


= pain 
Oe =e Si +b 


qi 28 
eal + b 
Dix 


= dal Dij + b. (37) 


A least squares solution of Equation 37 for the magnitude 


estimates of similarity resulted in 


-.069 


= | - 2 = ) 
Jg,, = 1.35.6 (D,,) 2A ee 904.) 1 N28) 


oe) 
Equation 39 is a two parameter function obtained via the 


reduction technique (Lewis, 1960). 
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A similar development for the similarity estimation and 
category rating of similarity data failed when it was not 
possible to compute a function with a negative exponent. 


The computer program always iterated to a function with 


positive exponent and negative coefficient. Clearly, the 


ar ee 
Asp ; Aa a aT " Sete Pe i Wy i ar iNg Pea ‘ ry 
4 ly ee i ae | yi ‘ Wr 4 ome ay a De nm 
‘ ce Gary ey Pit 1 : 7h % , a ‘ 
Pe sh Ek ata entoteta 
" oes x Ve ie 


odeiox od Yaw eldiaaog onda. sel Las ers; 
: | ae 


“). Welty ot ef° (éontesetbh 76)% sonaatoia. AB. OF. aa sa 

. Ve fii 

| ) eongtelh 26) Te 0 ELE = acts. es. yaaa 
(3) Fee ane) A Me 
bas ik, a a c fe Py 
4 


ye 
isabon epste ows, odd. ve bes BSP: ESPeEBoOOre: SeAOgE ori At 21 


! a 


~trislimie cto sels ateysdo s3 Rid; sSnarst abo Saal to cory SPL 


uy N 
noms 
ro ‘ 
i +. 7.48 Ris is 
Pili Mie 
Ts, 
ad. + [rataelig 3 ni : 
a ‘ . 
se ray 
CVS) wy a fh) gis ss i _ fy Ago 
ae j arts AVA, ; hie 
shbutiopsm edt. 10m VE noist Bupa to notdeioa Ss ial sasol A ‘i 
: ry ies Loan nS 


(| 7 Bet iirees Vitae mt oe 2p soompi 
(BE), spoe a Sy pepe = st ea Que i 3 p 
oe | Pit elle 
os Biv Henistdo  sorsonust vatemeseg ow 6 2h Cf ROtd ps pe 
har iu a i ¢) Ss : ia ‘ bar 


Ps | - ) 
1& i My ; | ) " i | (oder ‘etveu). ouginitoos maar Mi oY . 
ae wert | +4" ‘O. rite ve 4 

{QE} oe vies re so ey | BX i,t Ges 9. Sey atl 8 vor ; 


io “0 ii be a rt 
ts tm nee ili 7 


ii \ i 7 


bas token mites eedaslimis ond tod —— 


°< is 


Met "i ds ’ 
St grease mri Sog00. 6 tym 90) 
a oe - 
Paes 


Jon easy h. aa nw bo tie deb ee Bo; Re ns i eps0 
PPAR 


54 
reciprocal model was not the best available for these data. 
Due to the poor fit of the distance functions, no attempt 
was made to replace distance values with physical values. 

Simple Ratio Model. A third, alternative, similarity 
model is one that avoids use of differences or distances. 
The model may take two forms 


SO Di a (40) 


where 9%; and GB; are two physical measures of stimuli; or 


merade oped 
Pte Wigens dak 
5 5 


‘ (41) 


That is, a Similarity is the ratio of either the physical 
intensities or subjective magnitudes of stimuli. The 
present data did not fit this model. For the magnitude 
estimates of similarity it was found that the least squares 
fitted function of the form 
m 
Hg c= 2{F] + b (42) 
J 

accounted for 85 percent of the dependent variable variance. 
Like functions for the other similarity data sets were even 
less adequate. 

Ekmants Model. Ekman and co-workers (cf., Ekman & 
Waern, 1959) have proposed a model of similarity relating 


judgments of similarity (Jg,_) to independently obtained 
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55 
judgments of the apparent magnitude (J;) of single stimuli. 


The proposed model was 


255 


Is., = Eiger ; ei (43) 
1 J 
The model offers little by way of direct application for 
the present study since it is a relationship between two 
response variables and contains no direct implications for 
internal psychological processes. 
As a matter of interest, the Ekman model was fit 

using the similarity estimation (SE) and magnitude estima- 
tion of lightness (J;) results. A linear relationship be- 


tween predicted and observed similarity judgments was 


found. 81st 
A 2 Jj 100 
S;- a | Fees 2S , where i<j, 
tT ae it 


it was found that the function 

SE = .996 (S) + 6.55 (44) 
accounted for 91 percent of the variance (r = .954) of the 
similarity judgments. The fit to the similarity estimates 
was not as good as that found for two stage model equations 
for these data. However, these data fit the model in 
Equation 43 better than any reported previously from out- 
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56 
unreported analyses of the Markley et al. (1969) study 
found a correlation between predicted and observed 
Similarity values of only .78. 

Nature of G 

Little has been said up to now about the possible 
psychological interpretation of the arbitrary constant, G, 
introduced in the similarity model of Equation 18. One 
possible interpretation would relate this parameter to the 
maximum difference expected by the S in the context of the 


experiment. That is, 


2 - x at k ak ok 

Gafi Dax i Sax Hen = af max g “apie (45) 
where ¥ is a subjective magnitude and @# a physical 
magnitude, repeating Equation 18 

Sj =G- Diy) (18R) 
or 

Si i ae a Cait vie hae By) (26) 
an equivalent form, except for unit of measurement, is 

- CE nax See aN emcee (47) 
er (he gecd’ m 
max min 


Equation 47, expressed in subjective units, is the model 
for similarity proposed by Carmichael et al. (1965). For 
all analyses reported here the denominator of Equation 47 


can be thought of as being incorporated into a multiplicative 


va UNE SEs hae mc 


7 
aru 


igh ravi) fied be pn 
a Pi tnat ne ve ee 


di! ot spikes tei aietd iat iid osm 
et to txednoo ent a Beis wt Bootle = 
tap) es are wens Fre, Pe sai * xa be a 
ih nies 5 18 ie obus Laem set, Meh 


senion4 a 


(#8L) 


(ab) aa tad xin’? aie 
ek \Inememwesom to hs a rae vMeXO2 snot i000 


Sy 
coefficient, e.g., the parameter a! in Equation 21. 
Numerical estimates of G reported above were 3.09, 
3.85, and 3.8 for the distance functions, and corresponding 
estimates of G! were .72, .99, and 1.0 for functions em- 
ploying reflectance as an independent variable. The values 
of G are each nearly the same as the distance between the 
extreme stimuli on the single dimension found in the non- 
metric analyses. The values for G! of around 1.0 are 
reasonable if we let Ymin be zero and Y max be gX where 
@ is a reflectance of 1.0. The various coefficients in- 
volved with and @ values are again carried into the 
first coefficient a, of Equation 20. 
Starting with 
Hi chiepny ay(G - Dy4)™ +b, (20R) 
then substituting Equations 12 and 45 yields 
Sg =a, (aP*max - a@ Spin agi® +°agy*) Mb. © (48) 


a 
GE afk vin is subjectively of zero magnitude then it falls 


out of Equation 48. Also the quantity, a™, can be moved 
outside the parentheses. For given constant lighting 
conditions, the brightest (and lightest) possible grey 
will have a reflectance of 1.0 or 100 percent. Therefore, 


Ginast is equal to 1.0, and 


Jer, = dja (Lae = gi ae g;*)™ + b. (49) 
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Let a,a™ = a! and Equation 49 is Equation 21 with G! equal 
to 1.0. “Restricting G" (to.l.0 and solving Equation 21 
for the category datagdid motisignificantly*alter ‘the:other 
parameter estimates. The residual variances were equal out 
to the fourth decimal place. 

Without the simplifying assumptions used above the 
relationship between G and G! can be developed in another 
way. Equations 20 and 21 can be rearranged to yield 

(nese an =iat eee aap 


and 


1/m k 


(g,-b)1/m = art/Mgr — arl/mg.® — gk), 


From these equations it can be shown that 


hg 
agre(ees G (50) 
ifm 
where ai/m is taken from Equation 20 and aa is from 


Equation 21. Applying Equation 50 to the category rating 


of similarity data produces 


I 170648 

A 1.99 

Gt =|——————__ | (3.09) = .79 
pened 


For the similarity estimation and magnitude estimation of 
similarity results»estimates of,.G!iwere 1.10 and».95 res- 
pectively. If the two available estimates of m for each 


data set are pooled then for the category rating of 
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Similarity data 


a ° 


eigen Ce aa + 1.088) 
8.92 

Corresponding estimates for the similarity estimations 
and magnitude estimations are 1.01 and .97. 

The model advocated above coupled an input (sensory) 
power function with an output (response) power function. 
The output exponent used by Ss varied with the E's instruc- 
tions. Subjective similarities and differences were assumed 
to be simple transformations of the perceptual magnitude 
resulting from the input function. These occur before 
application o£ thesoutput function: ® Acparticular “output 
operation is thought to function in the same manner for 
any of the perceptual variables, be they single magnitudes, 
differences, or similarities, supplied by the sensory sys- 
tem'!s input operations. 

Tt is worth noting that all estimates of the input 
exponent were clearly less than 1.0. They range from .86 
to .41. Looking at the scale values plotted in Figure 6 
it can be seen that if the five power functions were super- 
imposed upon one another there would be little real dif- 
ference between them. The value of the exponent is prob- 


ably most strongly influenced by minor differences in 
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location of the extreme upper and lower end points. Although 
the input exponents from similarity conditions were all higher 
than those from difference conditions, there are not enough 
data yet available to consider the differences in values to 
be reliable. 

Another important feature of these data was the values 
of the estimated output exponents (m) for the several cate- 
gory rating conditions. The values ranged from .87 to 1.08. 
All were near 1.0. Curtis (1968.1970) also reports m values 
from category ratings around 1.0. (Curtis also suggested 
that there were systematic deviations from a power function 
for his category data.) The implication is that category 
rating judgments may be linear transforms of subjective 
magnitudes. In fact, linear output functions fit to the 
present category data were indistinguishable from the power 
functions. Contrary to the argument made originally by 
Stevens in the development of his Power Law, it appears 
that magnitude estimations are a more serious distortion 
of the subjective scale than are category ratings. 

Output exponents for the magnitude estimation condi- 
tions were varied. The one consistency was that the ex- 
ponents were all greater than 1.0 and greater than output 


exponents from category rating conditions. 
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The fit of the model to the data was fairly good. 
Only the Magnitude Estimation of Similarity results were 
not described well. Certain quantitative relationships 
between observed parameters--in particular, the two stage 
model prediction that the product of the magnitude esti- 
mation of difference input (k) and output (m) exponents 
would equal the exponent obtained for magnitude estima- 
tion of lightness of greys--were not sustained. However, 
previous successful studies of the model have involved 
within Ss designs. The present study was a between Ss 
design. For that reason alone, the fact that the forms 
of the various functions are qualitatively appropriate 
is significant in light of the large individual differ- 
ences in strategies commonly found in studies of human 
judgment. 

Differences in strategies may also account for the 
differences between the present results and those of 
Markley et al. (1969). The ways in which the stimuli 
were similar were not specified directly by the instruc- 
tions. (Subjects do tend to interpret category rating 
instructions in a more consistent manner than they inter- 
pret magnitude estimation instructions.) It may have been 


the case then that the Ss chose to employ different 
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Similarity models in the present study than were used in 
the previous study. Some combinations of stimuli and 
response procedures may set the Ss to emphasize ratios of 
stimuli rather than differences in Stimuli iTArsrcould 
produce the variation in input exponents reported here 
and the conflicting functions reported by Markley et al. 
(1969). 

One result of the analyses was the power functions 
relating the category ratings to both physical reflect- 
ance and to the magnitude estimation responses. Previous 
findings have usually indicated that log functions re- 
late these variables (an exception was Curtis, 1970). 
Logarithmic functions and power functions with fractional 
exponents are quite similar over the range of values 
usually studied in psychophysics. Perhaps the previous 
findings could also be described by power functions. The 
log relationship between category ratings and magnitude 
estimations was originally an empirical approximation. 
Later theorists attempted to rationalize the relation- 
ship (e.g.; "Helm, (Messick, 4 Tucker, “l9¢l; smisler, @1962)), 
The majority of studies have, in fact, not supported the 
tog function, but.merely reported a "concave downward" rela- 


tionship between category and magnitude estimation scales. 
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These curves were then interpreted to be an approximation 


to a log function (e.g., Stevens & Galanter, 1957). 
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APPENDIX I 


STATISTICS SUMMARIZING RESPONSES TO PAIRS OF GREYS 
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CATEGORY RATING OF DIFFERENCE 


(MEDIANS ) 
MUNS ELL 
VALUE 9.5 9.0 8.5 8.0 7.5 7.0 6.0 5.0 
9.5 
we ela, 
3.5 2207 1.68 
3.0 Deca 32.2388 MI .A2 
7.5 Pie) OR SG al Ose Pi age 
7.0 PMGt 314) 240. IG se) aod 
5 0 MOG. on 50y 23:82) 30g) (2840. wert 
5.0 pee F550) A Gay (3.639 baollo? “Ania7. V7] 
3.5 Ba a6. 80 25).674 5as0m edsi5.mad- oo sscG4). 29407 
CATEGORY RATING OF SIMILARITY 
(MEDIANS ) 
NUNS ELL 
7ALUE 9.5 9.0 8.5 8.0 75 730 6.0 5.0 
9.5 
9.0 6.76 
3.5 6.00 6.66 
3.0 AG oP B90) 960d 
5 M33 25235. POulT = <one5 
0 4204 (4.50.1 USe50m pess0w once 
5.0 DSO) SS 20en 460 pase boro io 8On40 
ie 1.64: 92:28’ 3.21-..4500 S4ahc7eeeeso 8 6.58 


70 


q mu, | 14) 
if yy it -_ i q fi 
Ly Bay ys i D4 as 
; ae . 
¥ ia) ie AL 
i, 4 : t i] 
is = ; f 
; e dl € x 0. | 0 * o 
% Ss 
Bese | 
« SE Bd. 


t 
a> | 

So 
* 


iv Lh VERY 


4, i , 
re ii ‘ 


teary, 1 tone rn 


ie 
he Ba ec ae he en 


sonst TO: DEL TAA. ‘yxoownaD. 


TIRALIMT S216 DUBS 


oe fos p ' =: g 7 
ne 4 2% = 
ova Ld, S0.£ St. € 
ee AT A LBA ol 6 
V8.8. Off £85 eee 
i 2 ere, es ehay hie tite 
+ fet EY fe, or s nar At 


OE @s 


: Dicey loll 
: Ee iAEMy pags oH 


et 


~~ ow: 


a - uf, rs \ oa ba o os 
UO. \ Fie eens 0285 hens 


', Vues 


7) oy iy 


.} in A rae: ae 
scr shi Fix etd 6 wae ek) aS 
ait 3] Sith 
: i = re te 7 a es , 7 
sYehe ie woe phe a Pa SON ke 
i a a 4 - “et , ‘vie 
pices Manet, Poe A 41) ie us 
Oa Car ce Bu ws Sey | ee 
‘ J ui 
a La 
‘ 
oor 
Lan cul ene 
#4 ee et, dy 


TUNSELL 

/ALUE oe) 9.0 

9.5 

1.0 2321 

Se Vee ho &JOs33 
0 Deak) 76.29 
ive) 49.00 65.83 
iO Jowoo = 47.71 
»-O 28.04 38.46 
0 14.60 26.46 


3-5 Doe LO.52 


APPENDIX I (CONT.) 


SIMILARITY ESTIMATIONS 


88.38 


16225 


70.25 


50.83 


28.08 


Delo 


93512 


618.96 


6Ie21 


43.00 


29.59 


9129 


eerie wl 


Soe OZ 


33.46 


(ARITHMETIC MEANS) 


86.83 


6g,.50; 87.33 


40.09 


56.88 


75.04 


fie 


€8.98 


£é.98  0é.&3d 
SOweT 86, fo lel €6.08 


72 


(sesuodsez [TeP304 gz) SS L FO YORe worz sesuodsez F UO peseq 


OSE” PIT 
StL” -<@c 
cel voc 
00S” s0°E€ 
yey’ I9°€ 
Ors” T6°E 
LE6" 8S; ? 
Ls9° «4198S 
Ce Cen VOLO 
ps Xx 
SONI IVY 

AYODALVO 


OT°T 90°C C2 °C 
vo°? C8°0 vv? 
Te Cc 8T°L eyes) 
OY i 3 vI°6 G9°8 
88°C good We | v6°OT 
88°E SE -oE SC cM 
T9°9 Ge EC vv “02 
rect OT Le OZ °82 
CL°S@ C6°8hH 680°EC7 
ps x wb 

SNOLLVYWILSH 

aGCNLINOWW 

SSANMYVG 


Aajus yoreyg 
Bet m Sle 9 To 64 266-8e lel eve 
LO9° 02 ~9 GS va C8 Sc GLe Sc 
0084 Séz7S CYS y9°9T T8°ST 
SL6" cO°S St°v Cy Ll c6-OL 
GlS Oc ° ELT OT°6 68°8 
SL8° SO°? oi ae 6 °8 Liss 
EOL f SCe t SOc °c LO" 9 T9°S 
9TS* 02 °2 vO SSS 86°C 
0% ~ OO 1 L99° Veal oLGh TI 
ps x ps x wH 
SONI LV a SMNOLLVWIT LSa 
AUYOOALVO adn. INDVW 
SSHNLHOL'T 


SSHNMYVG GNW SSHNLHSIT JO ONITWOS JO AYVWWNS 


II XICNdddv 


iS a S°6 
08° 0°6 
695 G°8 
SS” 0°8 
TS” Ger 
cy Om 
GOC” O=9 
007 * O°S 
S60° GX 


ONY an IVA 


“LOaTAaa TIHSNOAW 


I'TIAWLLS 


3° Se 
et 
e° .s8 
@2 

ay 
73°38 


@ : 
» 
Oe a a 
nA Fs ES ce . 
res e 
a 


“33t 
“@GA 
“B00 
RY 7 
“235 
rata 
“03 
age 


\ 


= 


e* 
a- 
4°50 

- +02 
37332 


¥ ¢] 

& te a mo 
Be) om we om Wow aie 
Pooks P a a 

| 0B Be oe au es ae 
- . o : . " i + Do ; 
a ane ee 
i sae oe ae 
. oR Poo & ah 

, \ 
g288 


ge) 


APPENDIX III 


Interrelations Between Response Measures 


The magnitude estimations of similarities and of 
differences reported above were not linearly related to 
the category ratings of similarities and differences. 
The relationships are shown in Figures 14 and 15. The 
lines through the data were fitted by nonlinear least 
Squares solutions to functions derived from the equa- 
tions of the two stage model developed earlier. 

The relationship between category ratings of dif- 
ference and category ratings of similarity is presented 
in Figure 16. Figure 17 shows the two sets of magnitude 
estimations, and Figure 18 relates the magnitude esti- 


mates of similarity to the similarity estimations. 
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CATEGORY RATINGS OF DIFFERENCE (ep) 
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MAGNITUDE ESTIMATES OF DIFFERENCE (WJyp) 


Figure 14, The relationshio between category ratings 
and magnitude estimations of apparent daif- 
Terence. 
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CATEGORY RATINGS OF SIMILARITY (Jes) 
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MAGNITUDE ESTIMATES OF SIMILARITY (Jy) 


Figure 15. The relationship between category ratings 
and magnitude estimations of aoparent 
similarity. 
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CATEGORY RATINGS OF SIMILARTY 


i 2 53 4 5 6 7 8 
CATEGORY RATINGS OF DIFFERENCES 


Figure 16. The relationship between similarities and 
differences of pairs of grey stimuli 
when responses are made using the catefory 
rating procedure. 
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MAGNITUDE ESTIMATES OF DIFFERENCE 


The relationship between magnitude estimates 
of similarity and manitude estimates of 
Gifierence. 
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MAGNITUDE ESTIMATES OF SIMILARITY 
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SIMILARITY ESTIMATIONS 


Figure 18. Macnitude estimations of similarity plotted as 
a function of similarity estimations. 
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